Abstract. The aim of this paper is to bridge the gap between Hele-Shaw theory and lubrication theory. A first generalization of the Hele-Shaw problem is considered for which existence, uniqueness and regularity theorems are given. Then taking shear effects into account, lubrication fluid mixture approach has to be used, inducing a new formulation of the initial problem. Connection of the two kind of problems are then given, establishing Ilele-Shaw phenomena as a particular case of lubrication problem on a mathematical basis.
Introduction
The aim of this paper is to bridge the gap between Hele-Shaw theory and lubrication approach. Hele-Shaw theory is mainly concerned with flows between two closed fixed fiat surfaces while lubrication approach is used for devices with moving surfaces as journal bearing or seals. The preponderance of the shear viscous effects, in the lubrication approach prevents the introduction of full-air/full-fluid interface as in the Hele-Shaw theory and induces a new kind of free boundary problems. Relation between this approach and the classical Hele-Shaw problem one's will be clarified.
The plan is as follows:
We consider a first generalization of the Hele-Shaw problem taking squeezing effects and gap geometry into account. As for classical Hele-Shaw problem, using time integration change of variables (see, for example, 1 3 , 16, 20, 26] ), we reformulate the problem as a variational inequality for which the existence and uiqueness follows from the classical theory of variational inequalities (see,--for example, [11] and [31] ). But classical time regularity results are not sufficient to recover the properties of the unknown initial problem. We are able to prove some sup1ementary regularity results for a time dependent
About the physical aspect and strong formulation of the classical Hele-Shaw theory
Let f a given volume limited by S and 52, two fixed walls parallel to an (x 1 ,x 2 )-plane, which are E apart, and lateral vertical boundaries. Initially we assume that fluid occupies a given bounded region ci C 11 and is injected through Si, a feed hole included in S, with 0S = r' 1 . For each r E (0, T) (T > 0), the boundary of the unknown region 9.c(r) containing fluid is denoted by Pe(r) and le(r) C . We consider the flow of incompressible viscous fluid subject to an exterior force density F.
The real three-dimensional problem is for each r E (0,T) to find QE(r), a velocity field u(x,r) and a pressure pc (x , r) in Q-(T), with x = (x 1 ,x 2 ,x 3 ) so that (1.1) in Ile(r) (1.2) on FC(r) (1.3) (i,j = 1,2,3) . (14) /7
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Figure 1: Real 3-D phenomena
Here v is a kinematic viscosity, N is the outward normal on rc(r) , v is the velocity of y is the coefficient of surface tension, 1Ff is the mean curvature of re (r) , p is the density of the fluid and Pa IS the exterior pressure.
Other boundary conditions are to be given on the velocity and/or the pressure. At both surfaces S 1 and S2 we have uC = 0, except on the injection hole Si where the fluid is injected with the velocity u = (u,u,u) such that u = u = 0 and U =g(zi,x)°.
Moreover, a supplementary condition, the wetting angle has to be given at the intersection of the free boundary re(r) and the surfaces S 1 and S2 . But the knowledge of this angle is very controversy, especially for transient phenomena, as Hele-Shaw one's.
A discussion of equations (1.4) may be found, e.g., in [36: p. 451 ]. Some results of existence and uniqueness for free boundary Stokes problem appears in [2, 7, 8, 341 , but in all of these cases, the free boundary does not touch the external sides, so the problem of the wetting angle does not inters.
In Hele-Shaw model, in view of obtaining a two-dimensional model, it is assumed that the free boundary is vertical (the wetting angle is equal to Assuming the surface tension negligible, a dimensional analysis of the preceeding system for small E leads to the following conclusions (see [10] ): a) a must be equal to 3.
b) The dimensionless pressure is independent of x 3 , continuous at the free boundary, and satisfies Hele-Shaw two-dimensional system where p is the conveniently resealed function for the pressure and t is the conveniently rescaled time:
Vpn=W on p=0 on p:::0 in
r l (1.8)
where Q(t) and 1'(i) are the projections on the (x i ,x 2 )-plane of the unknown region Q(t) and his boundary rc (t), respectively, n is the outward normal, r1 = aS1 while W is directly related to the injection flow through 17. At this stage, no reference has been made to the sign of the pressure, through this assumption plays a major role in the mathematical treatment of that system.
Some mathematical results
The first analytic treatment of the injection of a fluid appears to go back to Richardson (see [19) and [30] ), who formulate the problem as a differential equation for the Riemann mapping function from the unit disc onto Q(t), identifying JR2 with C and assuming that Q(t) is always simply connected. But no proof-of existence or uniqueness of solutions of this differential equation is given in [29] and [30] . However, a partial (small time) existence and uniqueness proof for the same differential equation have ben given in [35] . Gustavsson [28] gives a more elementary proof of existence of solutions in the case where f() is a polynomial or a rational function. In that case the differential equation can be reduced to a finite system of ordinary differential equations in t and this system has a unique solution by standard theory. Here the unknown is an analytic function, no reference has been made to the sign of the pressure. A measure theoretical approach has been introduced by Sakai (see [32] and [331) .
Taking the positivity of the pressure into account and using Baiocchi transformation [3] , Gustafsson [26] has investigated the weak (distributional) solutions of the problem, and the related moment problems, whose solutions turn out to be the same as Sakai's solutions. G. Coppoletta [17] considered the weaker problem in which he put the regularized function 9.: 9 = 1 in Q(t) and 0 9 1 in Q \Q(t), in place of the characteristic function X(t) on Q(t). With Baiocchi transformation an elliptic variational inequality is obtained. The existence and uniqueness of the solution (p, 9) of the weaker problem is proved but he was unable to go back to the initial problem (p, x) H. Begehr and R. P. Gilbert have generalized the problem to li?. The injection of fluid takes place at certain discrete points which are given, :as well as the rates of injection at these points. They extend the results obtained by Gustafsson [26] for the Hele-Shaw flows in the plane to flows in 1R'. In [6] they investigate the problem where the flow rate u is related to the pressure gradient by an anisotropic tensor. In [23] R. P. Gilbert and Wen Guo Chun, using the same analytic treatment as Richardson [29] , reduced the problem to an ordinary differential equation describing the solution of a moving boundary problem. S. D. Howison [27] considered cusp development. Other families of problems are obtained by taking Neumann condition on Fex (for example, [16] , [20] and [24] ), or by considering the sucking problem (W < 0) (for example, [18] and [25] ).
Previous generalizations are mostly mathematical ones. A more physical approach will demonstrate that the pressure must be associated with a particular elliptic operator (in divergence form): the evolutionary Reynolds equation, taking full account of the geometry of the gap and of the.boundary conditions of the surfaces. This problem differs from the classical one (F 0 ) in nature in that we have Poisson's equation.
First generalization of the
Assumptions and variational formulation.
For values of time t e (0, T), the boundary of the region
containing fluid is denoted by r(t) and parametrically described by Proof: From conditions (3.1) and (3.4) and the strong maximum principle we deduce statement 1°. Since p ^! 0 in 11(t) and p = 0 outside 11(t), then 0 on Therefore from condition (3.2) we deduce n 0 on r(t), i.e. statement 2° follows. U We shall now show how this problem can be reformulated as a variational inequality. To this end, we assume that 
1(i) C Q(t') for any t <t', then the function z defined by (3.8) also satisfies z(t)>0 in fl and z(t)=O infl°(t) for any tE(0,T).
Moreover, z( . , x) is increasing for any x, so that > 0 in (0,T) x fl and = 0 in Q°(t) for any t E (0,T).
Formally deriving the differential equation satisfied by z, assuming condition (H.0) and the smoothness of p, we obtain, using conditions (3.1) -(3.3),
Denoting by Xo the characteristic function of f1 0 , we obtain that z solves the linear complementarity problem Then problem (3.9), (3.10) can be written as the following variational problem:
For each t € (0, T), the existence and uniqueness of a solution z € L (0, T; H'(11)) of problem (P',) follows from the classical theory of variational inequalities (see [11) and [31] ). As already mentioned this regularity is not sufficient to recover the initial properties of p given in problem (P'0).
To go back to the initial problem (P'o), supplementary results are needed for the properties of the time dependent variational inequality (P',).
Some regularity results for a
' time dependent variational inequality of the first kind. Let F and G such that
and let us consider the following problem:
for all €K and v(0)=O.
Here K and V are defined in (3.11), a( . ,.) is the bilinear continuous and coercive form on V defined by'',
with a 3 = a 1 € C 2 (i) and A the associated second order operator (.,.) denotes the usual inner product
in L2 (l) and (.,.) defines the duality product
in L2 (I' 1 ) with r1 fl fex = 0. Existence and uniqueness for v satisfying problem (P2 ) is obvious. In order to study the time regularity of v, we consider the following penalised problem (see [31: p. 276]):
where e = e(t,x) is a parameter function.
Let us introduce the assumption e C1(0,T;H'()) nL°°( x (0,T))
(He) Oe 
a(W,p) + (e(t)H(v)) -e(s)H€(V(s),co)
(3.16)
= (F(t) + c(t) -F(s) -c(s), ço) + (G(t) -G(s), )
for all V E V. Choosing p E in (3.16) we have
a(IV,IV) + (c(i)H(v(t) -H(v(s)),W) + ((e(t) -c(s))H(z(s))jV) = ((F + e)(t) -(F + -Fe)(s),W) + (G(i) -G(s),W) and, as (He(ve(i)) -H(v(s)))W > 0 and e > 0 we have a(W,W) < -s I (2 e(t) -c(s) + F(t) -F(s)
and from assumptions (H.E) and (He) we get (10)) with a constant c 1 depending only of Q.
sup (2 II c II C 1(OTH 1 () ) + II F IIcI(OT. H1(fl) ) + IlGIIl
While passing to the limit on e in (3.7) we obtain
(3.18) We deduce (3.14) as a consequence of (3.18). From (3.17) if we put u. Ov/ôt so u is a solution of the problem
with boundaries conditions and by derivation we get
Putting U e '-vC
Using the Green formula we gain
From assumption (H.E) we have (e -) > 0, thus
OF Oe
Using now assumption (H G F), the inequality
is obtained where E = [0< j& <v <e]. In Ewe have
And from the coerciveness of the bilinear form a( . ,.) we deduce that U.
weakly in L2(cl). Proof. Let F = oho -h, G = Q, a(z, 'I') = fn g3 VzV'F and e = (1 -xo)h. As F + e = (h -ho)o E L2 (ci), we deduce, from the classical theory of elliptic equations (see [1] ) that the solution v of the problem (P) belongs to H 2 (Q) and there exists a constant C depending on ci such that
for any lift C of G in H'(ci) such that C = Q on r1 and C = 0 on rex, which induces a weak convergence in L OO (0,T; H 2 (1l)) of a subsequence of v.
The previous choice of 1, G and e obviously satisfies the assumptions (He), (H E) and (HG) and allows to apply Theorem 3.1. So (3.12) is valid. So v strongly converges to v in L(0,T;H'(ci)), which is also the weak limit of v in L°°(0,T;H2(ci)), and using Theorem 3.2 the first part of the present theorem follows, in particular for the unique solution z of the problem (P).
To prove the second part, we remark first that Q(t) defined above is a well defined open set as z(t) E H 2 (ci). Taking first w = z ± e'P with 'P in D(1l(t)) -the usual space of C functions with compact support in Q(t) -in the variational problem (P'1 ), we obtain
Using the Green formula, we have
and by derivation we gain the equation (3.1) in Q \ oh. Taking V E D(Q) and using the duality (.,.) between the spaces D'(Q) and D(Q), we have
where E = uE(O,T)r(t) and a(hX),
1P
Olt
[oh --
-J -+Jhcos(nt). E
And using the above equation we gain
hvn on E and so (3.2) follows. By time derivation of the first equality in (3.10) and of (3. In this case, as for example in a journal bearing, the surface S 1 has a horizontal velocity, while S2 has only a vertical motion so that shear effects are propitious. It is not possible to assure the assumption of a vertical free boundary which would be attached, one of the ends to S i , and the other end to S2. Experimental results [21: p. 151 makes the occurence of two distinct areas, one full of fluid which will be named lc(r) (where Stokes equation is valid and p> 0), the other \ e (r) is the cavitated zone, where the pressure is constant (p = 0) and appears to be a mixture of fluid and air. 37] homogenizes the phenomena and considers it as a two-dimensional phenomena by introducing 8, the lubricant concentration. The other one [14] takes full account of the three-dimensional character of this phenomena, with the appearance of bubbles of air and introduces in \ l e (r) the relative height as a, supplementary unknown. We use here the first approach. Both approaches lead to the same mathematical problem. By definition, the value of 8 is one on (r) and lies between zero and one in the mushy region. The incompressibility condition (1.2) of the fluid is replaced by the mass conserving condition ao
which is valid on the whole V. Boundary conditions for the velocity are on S1:
where gj are known functions of r, x i and x 2 .
As in the previous subsection, an asymptotic analysis leads [10] to the following limit system as e goes to zero, with the assumption that ce = 3 and r = t and introducing Integrating u % with respect to y between 0 and h, arid using the mass conserving condition (4.1), we have, for any (x 1 ,x 2 ) E \ S1,
(/ (4.4) at axi where V = (gi (t, x 1 , x2), gZ(t, x 1 , x 2 )). Finally we get the following strong formulation:
• on i(t ) The weak formulation of the problem (P 3 ) is:
(P4 ) Find a pair (p,8) satisfying p E L2(0,T;H'(l)), 8€ L°°(Q) fl H'(0,T;H'()) (4.13)
a.e in (4.14)
P 0 on Eex (4.15)
In [22] and 1191 Gilardi and El-Alaoui studied a problem very similar to the problem (F4 ). Main difference being related with the boundary conditions. They proved the existence of a solution for this kind of problem by way of an approximation by an elliptic problem. Exactly the same procedure can be performed for the problem (F4) with only minor changes so that we obtain the following theorem.
Theorem 4.1. There exists at least one solution to the problem (F4).
Moreover, the following maximum principle holds. 
About the uniqueness of problem (P4)
Partial results of uniqueness.
Partial results of uniqueness appeared in [13] .
They are. valid, however, only when the-solution is a limit solution of parabolic regularized formulation. -Using a similar Hele-Shaw problem approach, we will prove a uniqueness result for problem (P 4 ) in the particular case where V = 0, with no conditions, neither about the sign of -, nor on the regularity of the free boundary. For this, we first give an other at equivalent weak formulation of the problem (F 4 ). Then we will introduce in Theorem 5.1 a second variational approach.
An other equivalent weak formulation of the problem (P 3 ).
The purpose of this subsection is the study of a new formulation of the problem (F 3 ) which enables us, when shear effects are cancelled to obtain a uniqueness result. 
where Q is given by the definition (3.8). In the following subsection, we will prove the uniqueness of the solution of such problem by studying a more general formulation. 
Proof. As
5.3
where 'K {O forE K for K={€V 0} -+oo forK a( . ,.) is the bilinear continuous symmetric and coercive form on H'(1) with the associated second order operator A defined for problem (P2), (.,) denotes the usual inner product in L 2 (cl) and (,) defines the duality in L2(r1).
To prove the existence and uniqueness of the solution of problem (PZ), we hope to apply in the space V Proposition 11.9 of [11] . The linear form defined by b (f(),) + (G(t),) from V to .11? is continuous. Using the density of V in L2 () and the Riesz theorem, there exists a unique function F C L2 () such that (1( t 
), ') + (G(t), ) = (F(t), I I') for all 0 C V. (5.4)a
But the required assumption F e V is not satisfied as in our initial problem f = xoho and this is a characteristic of our problem. To cope with, we regularize Ii using the convolution between fi and the mollifiers functions (see, for example, [12: p. 66]). Let f1 = * f so that f lies in H'() fl L°°() and f -* Ii as E -* 0. We define f byf=f+f2 and Fby Let us consider first the following approximation problem:
The Transient Lubrication Problem 77 (PZ) For e E (0, 1) find z E C°(0, T; V) with ft-E L2 (0, T; V) fl K such that, for all
a.e. in (0,T)
Here 
Using (5.5) we deduce
Taking the square root of the two members of this inequality we get the result. U 
Proposition 5.2. If z is the unique solution of the problem (PZ), then the inclusion
z(t) E H 2 (l)
1,3=1
Since %9 ^ 0 'on F1 and L 0 in ci, a.e. in (0,T), then by the maximum principle we have 0 in ci, a.e in (0, T). Consequently, we can use as a test function in problem (PZE), so
Then taking (5.11) in (5.12), we get
Using the Green formula we have
^ a(z(t) -z(t),z(t) -z, (t))
and from (5.4)b, this inequality becomes Using this inequality, the previous one gives
The Transient Lubrication Problem ,
81
As ft (s) = f + f(s) with ff E H I (Q) and 12 E C' (U x (0,T)) and .z,,(0) =0, then Proof. Choosing 1 = Ooho, 12 = -h, C = Q and a(z, ) = f, g3 VzVo in problem (PZ), the result follows immediately from the previous subsection. I Proof. From Theorem 5.1, if (p, 0) is the unique solution of problem (P 5 ), then z defined by (3.8) is the unique solution of problem (P 6 ). Using the fact that 8 = Xo and Theorem 6.1, we find that z is also the unique solution of problem (P,'), and Theorem 3.4 end the proof. U
Conclusions and remarks
As problem (PZ) has been deduced from a physical model using both 8 and p as unknowns while problem (P 2 ) has been deduced directly from another model of Hele-Shaw type when 8 does not appears, the connection between them is precised; which enables us to establish Hele-Shaw problem as a particular case of lubrication in the last theorem.
In Theorems 5.1 and 5.4 we have neither a condition on nor on the regularity of at the free boundary r(t). 
with °.l(90h0)/h inçl°(t) =c\l(t)
satisfies the problem (P3 ) with V = 0.
Proof. The proof is similar to that of Theorem 3.4. To prove that the 8 so defined satisfies problem (P 3 ) with V = 0, we choose t.'+ z in (7.1) with 0 < 0 E H(Z°(t)). U . ,.
